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MAXIMAL SUBALGEBRAS OF THE CLASSICAL LINEAR LIE
SUPERALGEBRAS
IRINA SHCHEPOCHKINA
Abstract. Dynkin’s classification of maximal subalgebras of simple finite dimensional
complex Lie algebras is generalized to linear Lie superalgebras. Namely, the maximal non-
simple irreducible subalgebras of gl(p|q), q(n), sl(p|q), osp(m|2n), pe(n), and spe(n) are
classified.
Introduction
0.1. Dynkin’s result. In 1951, Dynkin published two remarkable papers somewhat inter-
laced in their theme: classification of semi-simple [D1] and maximal [D2] subalgebras of
simple (finite dimensional) Lie algebras. These classifications are of interest per se; they also
proved to be useful in the studies of integrable systems and in representation theory.
A. L. Onishchik and D. Leites∗ asked me to generalize Dynkin’s results to “classical” Lie
superalgebras. In this paper (partly preprinted in [Sh1], [Sh3]) I try to give the answer in a
form similar to that of Dynkin’s result. Let me first remind Dynkin’s result. In what follows
the adjective “linear” describes a Lie (super)algebra g whose elements are realized as linear
operators in a linear space V .
Let g be a simple complex linear Lie algebra, e.g., g = sl(V ), o(V ), or sp(V ), h ⊂ g its
maximal subalgebra. Then only the following 3 cases can occur:
1) the representation of h in V is irreducible, h is not simple. Dynkin’s list is as follows
(here the cases dimV2 = 4 in the second and fourth lines, as well as dimV2 = dimV1 = 2 in
the third one, are exceptional because o(4) ∼= sp(2)⊕ sp(2)):
h g condition
1 sl(V1)⊕ sl(V2) sl(V1 ⊗ V2) dimV2 ≥ dimV1 ≥ 2
2 sp(V1)⊕ o(V2) sp(V1 ⊗ V2) dimV1 ≥ 2, dimV2 ≥ 3, dimV2 6= 4
or dim V1 = 2 and dimV2 = 4;
3 sp(V1)⊕ sp(V2) o(V1 ⊗ V2) dimV2 ≥ dimV1 ≥ 2
except dim V1 = dimV2 = 2,
4 o(V1)⊕ o(V2) o(V1 ⊗ V2) dimV2 ≥ dimV1 ≥ 3
and dimV1, dim V2 6= 4.
(0.1)
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2) h is simple and irreducible (i.e., h irreducibly acts on V ). For practically every irre-
ducible representation of a simple h in a linear space V the image is a maximal subalgebra
in one of the three classical simple linear algebras sl(V ), o(V ) or sp(V ). Dynkin proved this
and listed the exceptional cases.
3) h is reducible. Then h can be described as the collection of all operators from g that
preserve a subspace W ⊂ V . Here W can be arbitrary for g = sl whereas for g = o(n) and
sp(2n) the bilinear form ω on V preserved by g must either be non-degenerate or identically
vanish on W . Such algebras h are certain parabolic subalgebras of g.
Passing to subsuperalgebras we encounter the same cases. Difficulties in their superization
range widely:
Superization of case 3) to Lie superalgebras with Cartan matrix and linear ones is more
or less straightforward, see [ZZO].
Superization of case 2) requires a more or less explicit description of finite dimensional
irreducible modules over simple Lie superalgebras. There are two types of such modules
typical and atypical ones, cf. [K1], [K2], [PS]. Observe that Lemma 4.4 demonstrates that,
unlike Lie algebra case, the images of Lie superalgebras sl(m|n), osp(2|2n), pe(n), spe(n),
vect(0|n), svect(0|n), h(0|n), h′(0|n) in the typical modules are not maximal, except for the
case considered in Lemma 3.4.1.
The case of other algebras and atypical modules constitutes an open problem. For a partial
result see [J1]. With a general character formula, even conjectural, [PS], [Se] one can now
hope to be able to derive the complete result.
Superization of case 1) is what is done in this paper: the description of the irreducible
non-simple maximal subsuperalgebras of linear complex Lie superalgebras either simple or
“classical”, i.e., certain algebras closely related to simple ones.
Regrettably, a precise description of the maximal Lie superalgebras of type 1) is more
involved than Dynkin’s description (0.1) above. Indeed, there are too many exceptional
cases occasioned by small dimensions. Nevertheless, in Main Theorem, I distinguish four
main types of subalgebras such that any type 1) linear Lie superalgebra is contained in
one of these four types of Lie superalgebras. Thus, the subalgebras distinguished in Main
Theorem are the main candidates for the roles of maximal subalgebras.
Observe that two of these four types are similar to Dynkin’s types whereas the other
two are of totally different nature, and the picture is similar to that over fields of prime
characteristic.
In §1 I describe the main constructions and give a precise formulation of Main Theorem.
Statements describing when the subalgebras from Main Theorem are indeed maximal are
collected in Tables 1–3. §2 is devoted to a proof of maximality of Dynkin-type subalgebras,
in §3 the other two types are considered. In §4 I prove Main Theorem.
In what follows, i⊂+ a designates a semi-direct sum of algebras of which i is an ideal; same
notation is used for indecomposable modules with a submodule i.
0.2. Comparison with the case of prime characteristic. Our results resemble Ten’s
result in prime characteristic [T]. To formulate it, recall that a subalgebra of a (finite
dimensional) Lie algebra is called regular if it is invariant with respect to a maximal torus.
Theorem. Let K be an algebraically closed field of characteristic p > 3.
1) Any non-semi-simple maximal subalgebra of sl(n) for n 6≡ 0 mod p, o(n) or sp(2n) is
regular.
2a) Let dim V = npm, (n, p) = 1, n > 1. If m is an irreducible maximal subalgebra
in sl(V ) such that pm = m/K1V is not semi-simple, then V = U ⊗ Om, where Om =
K[x1, . . . , xm]/(x
p
1, . . . , x
p
m) and m = gl(U)⊗ Om⊂+ vect(m).
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2b) If n = 1, then in addition to the above examples 2a) the algebra m = sp(2m)⊃+ hei(2m|0)
(where hei(2m|0) is an even version of the Heisenberg Lie algebra, see sec. 2.7) is also max-
imal in sl(V ).
3) Any maximal subalgebra in g2 is regular except vect(1) for p = 7 and sl(2) for p > 7.
0.3. Related results. Maximal solvable Lie subsuperalgebras. Such subalgebras for
gl(m|n) and sl(m|n) are classified in [Sh2]. A bizarre series of subalgebras was discovered.
Maximal solvable subalgebras — Borel subalgebras — of simple Lie superalgebras are im-
portant in representation theory (e.g., for construction of Verma modules). In super setting,
the maximal solvable subalgebras can be larger than what is used for construction of Verma
modules and what Penkov justly suggested to call Borel subalgebras. Conjecturally, these
larger algebras are related with atypical representations.
Superization: case 4) A nonhomogeneous with respect to parity subalgebra h of the Lie
superalgebra g is called Volichenko algebra. A list of simple finite dimensional Volichenko
subalgebras in simple Lie superalgebras is obtained under a technical condition by Serganova
[S]. (For motivations and infinite dimensional case see [LS], [KL].) Simple Volichenko alge-
bras are one more, new, type of maximal subalgebras of simple Lie superalgebras: Volichenko
subalgebras are not Lie subsuperalgebras.
1. Notation, background and main statements
Before we formulate our result, we need to fix several notations and constructions. For-
mulas of linear algebra are generalized to linear superalgebra by means of linearity and Sign
Rule, such are, for example, definitions of supercommutator, Lie superalgebra. There are,
however, notions, e.g., supertrace, which though follow from Sign Rule, are not obvious di-
rect corollaries, cf. [D]. Some facts, like existence of (at least) two analogs of the general
linear Lie algebra, or two types of bilinear forms (even and odd) are even less familiar.
1.1. Basics. Throughout the paper the ground field is C. A superspace is a Z/2-graded
linear space V = V0¯ ⊕ V1¯, where Z/2 = {0¯, 1¯} and p(v) = i¯ if v ∈ Vi¯. The superdimension
of V is a pair N = m|n, where m = dimV0¯, n = dimV1¯. The usual formula dimV ⊗W =
dimV · dimW becomes manifest if we introduce a formal symbol ε such that ε2 = 1 and set
dimV = dimV0¯ + dimV1¯ε.
For a superspace V = V0¯⊕V1¯ denote by Π(V ) another copy of the same superspace: with
the shifted parity, i.e., Π(Vi¯) = Vi¯+1¯. The subsuperspace U ⊂ V is a subspace such that
U = U ∩ V0¯ ⊕ U ∩ V1¯. A superspace structure in V induces the superspace structure in the
space End(V ).
The Lie superalgebra of all linear operators in V is called the general Lie superalgebra. It is
denoted by gl(V ) or gl(dimV ). Having selected a homogeneous basis of V , we can represent
operators by supermatrices; in this paper I only need supermatrices in the standard format,
i.e., when the even basis vectors of V are collected together and come first.
The space of operators with zero supertrace constitutes the special linear Lie subsuperal-
gebra sl(V ) also denoted sl(dimV ).
There are, however, at least two super versions of gl(V ), not one. Another version is called
the queer Lie superalgebra and is defined as the one that preserves the complex structure
given by an odd operator J , i.e., is the centralizer C(J) of J :
q(V ) = C(J) = {X ∈ gl(V ) | [X, J ] = 0}, where J2 = − id .
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It is clear that by a change of basis we can reduce J to the form J2n =
(
0 1n
−1n 0
)
. Then
in matrix form we have
q(n) =
{
X ∈ gl(n|n) | X =
(
A B
B A
)}
.
On q(n), the queer trace is defined: qtr :
(
A B
B A
)
7→ trB. Denote by sq(n) the Lie
superalgebra of queertraceless operators.
Observe that the identity representations of g = q(V ) and sq(V ) in V , though irreducible
in super setting, are not irreducible in the non-graded sense: take linearly independent
vectors v1, . . . , vn from V0¯; then Span(v1 + J(v1), . . . , vn + J(vn)) is a g-invariant subspace
of V which is not a subsuperspace.
A representation is called irreducible of G-type if it has no invariant subspace; it is called
irreducible of Q-type if it has no invariant subsuperspace, but has an invariant subspace.
1.2. The action of g1(V1)⊕ g2(V2) in V1 ⊗V2. Given two irreducible (of G- or Q-type)
linear Lie superalgebras gi ⊂ gl(Vi), we obtain a representation of the Lie superalgebra g1⊕g2
in the superspace V = V1 ⊗ V2, the tensor product of the given representations:
X1 +X2 7→ X1 ⊗ 1 + 1⊗X2 for X1 ∈ g1, X2 ∈ g2. (1.1)
G-construction: not both the gi are of Q-type. If both g1 and g2 contain the identity
operators, the representation (1.1) has a 1-dimensional kernel. By g1
⊙
g2 we will mean
the image of the direct sum g1 ⊕ g2 under the representation (1.1). Observe that g1
⊙
g2 is
irreducible in this case.
It is convenient to retain the notation g1
⊙
g2 even in the absence of the kernel, i.e., when
g1
⊙
g2 ∼= g1 ⊕ g2.
Q-construction: both the gi are irreducible of Q-type. In this case the standard
action of g1⊕ g2 in V1⊗V2 is reducible. That is why the construction of g1
⊙
g2 is different,
namely, as follows.
Let U be a fixed (1|1)-dimensional superspace. The operators JU =
(
0 1
−1 0
)
, IU =(
0 i
i 0
)
∈ End(U) supercommute and J2U = I2U = −1. Let us represent n1|n1-dimensional
superspace V1 as a tensor product V1 = (V1)0¯ ⊗U and n2|n2-dimensional superspace V2 as a
tensor product V2 = U ⊗ (V2)0¯. Set J = 1⊗ JU ∈ End(V1) and I = IU ⊗ 1 ∈ End(V2). It is
clear that
C(J) = End(V1)0¯ ⊗ Span(1, IU) ∼= q(V1);
C(I) = Span(1, JU)⊗ End(V2)0¯ ∼= q(V2).
Define the Q-tensor product by setting
V1 ⊗Q V2 := (V1)0¯ ⊗ U ⊗ (V2)0¯.
The map
X1 +X2 7→ X1 ⊗ 1(V2)0¯ + 1(V1)0¯ ⊗X2 for X1 ∈ g1, X2 ∈ g2
determines an irreducible representation of the Lie superalgebra g1⊕g2 in the space V1⊗QV2.
We will denote the image of g1⊕g2 in this superspace by g1
⊙
g2. The usual tensor product
V1 ⊗ V2 considered as a g1 ⊕ g2-module is a direct sum of two submodules equivalent to
V1 ⊗Q V2. (When g1 = g2 = g and, consequently, V1 = V2, Sergeev denotes the diagonal
action of g in V ⊗Q V by 2−1(V ⊗ V ), cf. [Ser2].)
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1.3. Projectivization. If g ⊂ gl(n|n) is a Lie subsuperalgebra containing scalar operators
then the projective Lie superalgebra of type g is pg = g/C. Lie superalgebras g1
⊙
g2
described in sec. 1.2 are projective.
Projectivization sometimes leads to new Lie superalgebras, for example: pgl(n|n), psl(n|n),
pq(n), psq(n); whereas pgl(p|q) ∼= sl(p|q) if p 6= q.
1.4. Lie superalgebras that preserve bilinear forms. We will often use a general no-
tation aut(ω) for the Lie superalgebra that preserves the non-degenerate bilinear form ω in
the superspace V , i.e., aut(ω) =
{X ∈ gl(V ) | ω(Xv1, v2) + (−1)p(X)p(v1)ω(v1, Xv2) = 0 for any v1, v2 ∈ V }.
If the form ω is even and supersymmetric, then the Lie superalgebra aut(ω) is called or-
thosymplectic and denoted osp(V ) = osp(dimV ). Observe that the passage from V to Π(V )
sends the supersymmetric forms to superanti-symmetric ones. That is why we use the no-
tation ospsk for the Lie superalgebra that preserves the superanti-symmetric form. We have
an isomorphism osp(V ) ∼= ospsk(Π(V )), but matrix representations of elements from osp(V )
and ospsk(Π(V )) are different.
If the form ω is odd, then the Lie superalgebra aut(ω) is called, as A. Weil suggested,
periplectic and denoted pesy(n) or pesk(n), in accordance with symmetry of ω. The passage
from V to Π(V ) sends the supersymmetric forms to superanti-symmetric ones and establishes
an isomorphism pesy(n) ∼= pesk(n) := pe(n).
The special periplectic superalgebra is spe(n) = {X ∈ pe(n) | strX = 0}.
Observe that the map χλ : X 7→ λ · strX , where λ ∈ C, λ 6= 0, determines a nontrivial
character of pe(n). Denote by peλ(n) the image of pe(n) in the representation id⊗χλ.
1.5. Sergeev Lie superalgebra. A. Sergeev proved that there is just one nontrivial central
extension of spe(n). It exists only for n = 4 and is denoted by as. Let us represent
an arbitrary element X ∈ as as a pair X = x + d · z, where x =
(
A B
C −At
)
∈ spe(4)
(trA = 0, B = Bt, C = −Ct), d ∈ C and z is the central element. The bracket in as in the
matrix form is
[x+ d · z, x′ + d′ · z] = [x, x′] + tr CC ′ · z.
1.6. Heisenberg Lie superalgebra. Denote by hei(0|m) the Heisenberg Lie superalgebra
with m odd generators of creation and annihilation, i.e., the Lie superalgebra with odd
generators ξ1, . . . , ξn; η1,. . . , ηn if m = 2n or ξ1, . . . , ξn−1; η1,. . . , ηn−1 and θ if m = 2n− 1
and an even generator z satisfying the relations
[ξi, ηj] = δi,j · z, [ξi, ξj] = [ηi, ηj] = [z, hei(0|2n)] = 0;
[θ, θ] = z, [θ, ξi] = [θ, ηj] = 0.
Irreducible finite dimensional representation of hei(0|m) were first described in [K], see also
[Ser1].
Each irreducible finite dimensional representation of hei(0|m) is scalar on z and the only
one that sends z to the identity operator is realized in the superspace Λ(n) = Λ(ξ) for
m = 2n or Λ(n) = Λ(ξ, θ) for m = 2n− 1 by the formulas:
z 7→ 1, ξi 7→ ξi, ηi 7→ ∂ξi ; θ 7→ θ + ∂θ.
This representation is irreducible of G-type if m = 2n and irreducible of Q-type if m =
2n− 1.
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The normalizer of hei(0|m) in gl(Λ(n)) is g = hei(0|m)⊂+ o(m); it acts in the spinor
representation of o(m), or, in terms of differential operators: g = Span(1, ξ, ∂, ξ∂, ∂∂, ξξ) for
m = 2n and g = Span(1, ξ, ∂, θ + ∂θ, ξ(θ + ∂θ), ∂(θ + ∂θ), ξ∂, ∂∂, ξξ) for m = 2n− 1.
Let n = 3. Then g is contained in g˜ = (hei(0|6)⊂+ V )⊂+ o(6) (sum as o(6)-modules), where
the highest weight of the o(6) ≃ sl(4)-module V is (2, 0, 0), i.e., g˜ is isomorphic to the
nontrivial central extension as of spe(4). (Observe, that sl(4)-module hei(0|6) is the direct
sum of the trivial module and the exterior square of the dual to the standard 4-dimensional
sl(4)-module.)
1.7. Densities. Let vect(0|n) = derΛ(n) be the Lie superalgebra of vector fields on (0|n)-
dimensional superspace. Irreducible representations of vect(0|n) are described in [BL]. The
most important for us will be a one-parameter family of representations T λ of vect(0|n) in
the superspace Volλ = Λ(ξ) volλ(ξ) of λ-densities. We define it by the formula
T λ(D)(f(ξ) volλ) = (D(f) + λ divD · f) volλ .
The representations T λ are irreducible if λ 6= 0, 1. The representation T 0 determines the
action of the Lie superalgebra of vector fields vect(0|n) in the space of functions; the constants
form an invariant 1-dimensional subspace. The representation T 1 is the dual representation
in the space of volume forms, Vol, it contains an irreducible subspace of codimension εn
spanned by the volume element vol. Therefore, T 0 ∼= (Πn(T 1))∗.
Define the form ω1/2 on
√
Vol by the formula
ω1/2(f
√
vol, g
√
vol) =
∫
fg · vol .
It is clear that T 1/2(vect(0|n)) preserves ω1/2.
1.8. The Poisson superalgebra. On Λ(m) = Λ(Θ1, . . . ,Θm), define a Lie superalgebra
structure by setting (the extra minus is convenient for calculations with weights)
{f, g}P.b. = −(−1)p(f)
∑
j≤m
∂f
∂Θj
∂g
∂Θj
.
Sometimes it is more convenient to re-denote the Θ’s and set (here i2 = −1 and [m + 1/2]
is the integer part):
ξj =
1√
2
(Θj − iΘn+j); ηj = 1√
2
(Θj + iΘn+j) for j ≤ n = [m+ 1/2] θ = Θ2n+1.
In new indeterminates the Poisson bracket is defined by formula (the summand with θ only
exists for m odd):
{f, g} = −(−1)p(f)
(∑
i≤n
(
∂f
∂ξi
∂g
∂ηi
+
∂f
∂ηi
∂g
∂ξi
) +
∂f
∂θ
∂g
∂θ
)
.
This Lie superalgebra is denoted po(0|m); it is a finite dimensional analog of the Poisson
algebra. It turns into the general matrix superalgebra under quantization, see [LSh].
On po(0|m), define the grading to be gr(f) = deg f − 2, where deg f is the degree of f as
an element of Λ(m): deg Θi = 1 for any i. Thus, po(0|m) =
m−2⊕
i=−2
poi, where po0
∼= o(m) and
where ⊕
i<0
poi is isomorphic to hei(0|m).
Since trace and queer trace are quantum versions of the integral, po(0|m) possesses an
ideal spo(0|m), the special Poisson superalgebra, of codimension εm, and a 1-dimensional
center, the space of constant functions.
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The classical isomorphisms of Lie algebras sl(4) ∼= o(6) and their modules Λ2(idsl(4)) ∼=
ido(6) show that as described in sec. 1.5 can be embedded into po(0|6). The embedding sends
the central element z ∈ as into 1 ∈ po(0|6).
1.9. Simplicity. The Lie superalgebras sl(m|n) for m > n ≥ 1, psl(n|n) for n > 1, psq(n)
for n > 2, osp(m|2n) for mn 6= 0 and spe(n) for n > 2 are simple, see [K] (as well as [Kap],
[FK], [SNR]).
1.10. Almost simplicity. We say that a Lie superalgebra g is almost simple if it can be
included (non-strictly) between a simple Lie superalgebra s and the Lie superalgebra ders of
the derivations of the latter: s ⊂ g ⊂ ders.
1.11. Theorem (Main Theorem). 1◦ Let g be an irreducible linear Lie superalgebra which
is neither almost simple nor a central extension of an almost simple Lie superalgebra.
Then g is contained in one of the following four major types of Lie superalgebras:
1) gl(V1)
⊙
gl(V2);
2) q(V1)
⊙
q(V2);
3) gl(V )⊗ Λ(n)⊂+ vect(0|n);
4) hei(0|2n)⊂+ o(2n).
2◦ Let, in addition to conditions of 1◦, g be a subalgebra of q(V ) = C(J) for some J . Then
g is contained in one of the following Lie superalgebras (numbered as in 1◦):
1q) q(V1)
⊙
gl(V2) and J = J1 ⊗ 1, where q(V1) = C(J1);
3q) q(V1)⊗ Λ(n)⊂+ vect(0|n) and J = J1 ⊗ 1, where q(V1) = C(J1);
4q) hei(0|2n− 1)⊂+ o(2n− 1).
3◦ Let, in addition to conditions of 1◦, g preserve a non-degenerate homogeneous form ω,
either symmetric or skew-symmetric. Then g is contained in one of the following Lie super-
algebras (numbered as in 1◦):
1ω) aut(ω1)
⊙
aut(ω2) and ω = ω1 ⊗ ω2;
3ω) aut(ω1)⊗ Λ(n)⊂+ T 1/2(vect(0|n)) and ω = ω1 ⊗ ω1/2.
1.12. Maximal subalgebras from Main Theorem. Tables 1–2 describe when subalge-
bras of the form g1
⊙
g2 are maximal in a linear Lie superalgebra g. These subalgebras are
similar to those that Dynkin described.
1.13. Table 1. In this table we assume that gi ⊂ gl(Vi), and dim Vi = Ni = mi + niε 6= 1
or ε.
g1 g2 g conditions
gl(N1) gl(N2) gl(N1N2) Ni 6= 1 + ε; m1 6= n1 or m2 6= n2
gl(N1) gl(N2) sl(N1N2) Ni 6= 1 + ε; m1 = n1 and m2 = n2
sl(N1) sl(N2) sl(N1N2) Ni 6= 1 + ε; m1 6= n1 or m2 6= n2
q(n1) q(n2) sl(n1n2|n1n2) n1n2 > 1
q(n1) gl(m2 + εn2) q(n1(m2 + n2)) n1 ≥ 1;m2 6= n2
q(n1) gl(m2 + n2ε) sq(n1(m2 + n2)) n1 ≥ 1;m2 = n2 > 1
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The case Ni = 1+ε is exceptional because if we identify the (1+ε)-dimensional superspace
V with Λ(1), then gl(V ) ∼= Λ(1)⊂+ vect(0|1). Therefore,
g1
⊙
gl(V ) ⊂ g1 ⊗ Λ(1)⊂+ vect(0|1)
for any Lie superalgebra g1. The case n1n2 = 1 in the fourth line is exceptional due to the
fact that q(1)
⊙
q(1) ∼= sl(1|1).
1.14. Table 2. Table 2 describes maximal subalgebras of the form aut(ω1)⊕ aut(ω2) of the
Lie superalgebra g that preserves a non-degenerate bilinear form ω = ω1 ⊗ ω2. It is clear
that if both forms ω1 and ω2 are supersymmetric or skew then ω is symmetric while if one
of the forms ω1 or ω2 is symmetric and the other one is skew then ω is skew. We take into
account isomorphisms osp(V ) ∼= ospsk(Π(V )) and pesy(V ) ∼= pesk(Π(V )), see sec. 1.4, and
skip the types of symmetry just to save space.
In this table Ni = ni+2miε, and nimi 6= 0. The conditions are occasioned by the fact that
the identity representations of o(2) and pe(1) are reducible; pe(2) is an exception because
pe(2) ∼= sp(2)⊗ Λ(1) ⊂+ T 1/2(vect(0|1)). (1.2)
If we identify the 2|2-dimensional superspace of the identity representation of pe(2) with
C2 ⊗ Λ(1), we obtain an embedding
aut(ω1)
⊙
pe(2) ⊂ aut(ω1 ⊗ ω2)⊗ Λ(1)⊂+ T 1/2(vect(0|1)),
where ω2 is the standard form in C
2 preserved by sp(2).
g1 g2 g conditions
osp(N1) osp(N2) osp(N1N2) −−−
o(n) osp(N2) osp(nN2) n > 2, n 6= 4
sp(2n) osp(N2) osp(2nN2) n ≥ 1
pe(n1) pe(n2) osp(2n1n2|2n1n2) n1, n2 > 2
osp(n1|2m1) pe(n2) pe(n1n2 + 2m1n2) n2 > 2, n1 6= 2m1
osp(2m|2m) pe(n) spe(4mn) n > 2
osp(n1|2m1) peλ(n2) peµ(n1n2 + 2m1n2), n2 > 2, n1 6= 2m1
for µ = λ
n1−2m1
o(n) pe(m) pe(nm) n,m > 2, n 6= 4
sp(2n) pe(m) pe(2nm) m > 2, n ≥ 1
1.15. Table 3: Non-Dynkin type of subalgebras. The maximal subalgebras considered
in Tables 1–2 are similar to those considered by Dynkin. There are, however, maximal
subalgebras of linear superalgebras of totally different nature. We represent them in Table
3: g1 is a maximal subalgebra in g; we set dim V1 = N1 = m1 + n1ε. In this case we allow
m1n1 = 0 but, of course, exclude m1 = n1 = 0. In lines 5–7 we assume that n1 is even and
in lines 8-9 we assume that m1 = n1. As in Table 2 we do not mention types of symmetry
of bilinear forms.
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g1 g conditions
1 gl(V1) ⊗ Λ(n)⊂+ vect(0|n) sl(V1 ⊗ Λ(n)) N1 6= 1 + ε; either n 6= 1
or (n = 1 and m1 = n1 > 1)
2 gl(V1)⊗ Λ(1)⊂+ vect(0|1) gl(V1 ⊗ Λ(1)) m1 6= n1; N1 6= 1 or ε
3 gl(V1)⊗ Λ(1)⊂+ C · ∂ sl(V1 ⊗ Λ(1)) m1 6= n1; N1 6= 1 or ε
4 q(V1)⊗ Λ(n)⊂+ vect(0|n) sq(V1 ⊗ Λ(n)) m1 = n1 ≥ 1; n ≥ 1
5 osp(V1)⊗ Λ(2k)⊂+ T 1/2(vect(0|2k)) osp(V1 ⊗ Λ(2k)) N1 6= 1, 2; k > 0
6 osp(V1)⊗ Λ(2k + 1)⊂+ T 1/2(vect(0|2k + 1)) spe(V1 ⊗ Λ(2k + 1)) N1 6= 1, 2; either k > 0
or (k = 0 and m1 = n1 > 1)
7 osp(V1)⊗ Λ(1)⊂+ T 1/2(vect(0|1)) pe(V1 ⊗ Λ(1)) N1 6= 1, 2;m1 6= n1
8 pe(V1)⊗ Λ(2k)⊂+ T 1/2(vect(0|2k)) spe(V1 ⊗ Λ(2k)) m1 = n1 > 2; k > 0
9 pe(V1) ⊗ Λ(2k + 1)⊂+ T 1/2(vect(0|2k + 1)) osp(V1 ⊗ Λ(2k + 1)) m1 = n1 > 2; k ≥ 0
10 hei(2n)⊂+ o(2n) sl(Λ(n)) n ≥ 2, n 6= 3.
11 hei(2n− 1)⊂+ o(2n− 1) sq(Λ(n)) n > 2.
The exceptional cases:
1) If dimV1 = 1 or ε, then gl(V1)⊗ Λ(1)⊂+ vect(0|1) ∼= gl(1|1).
2) If dimV1 = 1 + ε, then having identified V1 with Λ(1), we obtain
gl(V1)⊗ Λ(n)⊂+ vect(0|n) ∼= (Λ(1)⊂+ vect(1))⊗ Λ(n)⊂+ vect(0|n) =
Λ(1)⊗ Λ(n)⊂+(vect(1)⊗ Λ(n)⊂+ vect(0|n)) ⊂ Λ(n+ 1)⊂+ vect(0|n+ 1).
3) The isomorphism (1.2) induces the inclusion
pe(2)⊗ Λ(n)⊂+ T 1/2(vect(0|n)) ⊂ sp(2)⊗ Λ(n+ 1)⊂+ T 1/2(vect(0|n+ 1)).
4) n = 3 in line 10; for motivation see sec. 1.6.
2. Irreducible maximal subalgebras of the form g1
⊙
g2
In this section we will prove theorems summarized in Tables 1 and 2.
2.1. Theorem. Let dim Vi = Ni = mi + niε and Ni 6= 1 or ε or 1 + ε. Let V = V1 ⊗ V2.
Then
1) gl(V1)
⊙
gl(V2) is a maximal subalgebra in gl(V ) if n1 6= m1 or n2 6= m2, otherwise it
is maximal in sl(V ).
2) The following subalgebras are maximal in sl(V ):
a) sl(V1)⊕ sl(V2) if n1 6= m1 or n2 6= m2;
b) gl(V1)
⊙
gl(V2) if n1 = m1 and n2 = m2.
Proof. 1) Let g = gl(V1)
⊙
gl(V2). Consider gl(V ) as g-module. Then gl(V ) ∼= gl(V1)⊗gl(V2)
and the bracket in gl(V ) is defined via
[A⊗B,C ⊗D] = (−1)p(B)p(C)[A,C]⊗BD + (−1)p(A⊗B)p(C)CA⊗ [B,D]. (2.1)
Observe that, as gl(Vi)-module, gl(Vi) contains only two nontrivial submodules: C · id and
sl(Vi). Thus, the minimal g-submodule W of gl(V ) larger than g is of the form
W = g+ sl(V1)⊗ sl(V2). (2.2)
If m1 6= n1 and m2 6= n2, then the sum in (2.2) is direct and W = gl(V ), i.e., g is maximal
in gl(V ).
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Let C · idi ∼= gl(Vi)/sl(Vi) be a trivial gl(Vi)-module. If m1 6= n1 but m2 = n2, then
gl(V )/W ∼= sl(V1)⊗ C · id2. If m1 = n1 and m2 = n2, then
gl(V )/W ∼= sl(V1)⊗ C · id2+C · id1⊗sl(V2) + C · id1⊗C · id2 .
Since the spaces sl(Vi) are not closed with respect to the operator product, formula (2.1)
demonstrates that in both cases any subalgebra strictly containning g must contain sl(V1)⊗
gl(V2) + gl(V1)⊗ sl(V2) = sl(V ). To complete the proof it suffices to observe that in the first
case the subalgebra g is not contained in sl(V ). 
2.2. Theorem. Let dimVi = Ni = mi + niε, where m1 = n1 ≥ 1 and N2 6= 1, or ε, or
1 + ε. Let V = V1 ⊗ V2. Then the Lie subsuperalgebra g = q(V1)
⊙
gl(V2) is maximal in
q(V ) if m2 6= n2; it is maximal in sq(V ) if m2 = n2.
Proof. The proof of this theorem largely repeats that of the previous one. Consider q(V ) as
g-module. Then q(V ) ∼= q(V1)⊗ gl(V2) and the bracket in gl(V ) is defined via (2.1).
Note that form1 > 2 the space q(V1) considered as a q(V1)-module, contains two nontrivial
submodules, C·id and sq(V1). Therefore, the minimal g-submoduleW ⊂ q(V ), is of the form
W = g+ sq(V1)⊗ sl(V2). Since sq(V1) is not closed with respect to the operator product and
taking into account formula (2.1), we see that any subalgebra h ⊂ q(V ) strictly containing
g should satisfy
h ⊃ sq(V1)⊗ gl(V2) + q(V1)⊗ sl(V2) = sq(V ). (2.3)
For m1 = 2 the space q(V1) = q(2), considered as a q(2)-module, contains one more
nontrivial submodule, C · id⊕sq(2)1¯. Therefore, the minimal g-module W ⊂ q(V ) is in this
case of the form W = g + sq(V1)1¯ ⊗ sl(V2). Nevertheless, even in this case formula (2.1)
leads to inclusion (2.3). To complete the proof for m1 ≥ 2 it only remains to observe that
for m2 6= n2 the Lie superalgebra g is not contained in sq(V ).
The case m1 = 1 is even simpler: q(V )/g ∼= pgl(V2). 
2.3. Embedding q1
⊙
q2 ⊂ sl(V1 ⊗Q V2). First, describe gl(Vi) as a q(Vi)-module.
As in sec. 1.2, introduce a (1|1)-dimensional superspace U and consider the following basis
of End(U):
1U , JU =
(
0 1
−1 0
)
, IU =
(
0 i
i 0
)
, DU =
(
1 0
0 −1
)
.
Let us realize the n1|n1-dimensional superspace V1 as a tensor product V1 = (V1)0¯ ⊗ U and
n2|n2-dimensional superspace V2 as a tensor product V2 = U ⊗ (V2)0¯. Set J = 1 ⊗ JU and
I = IU ⊗ 1. It is clear that
C(J) = End(V1)0¯ ⊗ Span(1, IU) ∼= q(V1);
C(I) = Span(1, JU)⊗ End(V2)0¯ ∼= q(V2).
Then gl(Vi), as a q(Vi)-module is a direct sum of two reducible but indecomposable modules:
gl(V1) = gl(V1)0¯ ⊗ Span(1, IU)⊕ gl(V1)0¯ ⊗ Span(DU , JU); (2.4)
gl(V2) = Span(1, JU)⊗ gl(V2)0¯ ⊕ Span(DU , IU)⊗ gl(V2)0¯. (2.5)
Observe that the first summands in (2.4) and (2.5) are isomorphic to q(Vi), whereas the
second ones, as q(Vi)-modules, are isomorphic to Π(q(Vi)).
2.3.1. Theorem. If n1n2 > 1, then g = q(V1)
⊙
q(V2) is maximal in sl(V1 ⊗Q V2).
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Proof. Formulas (2.4)–(2.5) show that the minimal g-submoduleW ⊂ sl(V1⊗QV2) containing
g is of the form
W = g+ sl(V1)0¯ ⊗ gl(U)⊗ sl(V2)0¯.
When we close W with respect to the bracketing we obtain sl(V1 ⊗Q V2). 
2.4. The case with the bilinear form. Let a non-degenerate homogeneous (with respect
to parity) supersymmetric or superanti-symmetric bilinear form ω be given in a superspace
V . Consider two objects associated with ω:
1) The Lie superalgebra aut(ω) of operators preserving ω:
aut(ω) = {A ∈ gl(V ) | ω(Ax, y) + (−1)p(A)p(x)ω(x,Ay) = 0}.
2) The space sym(ω) of operators supersymmetric with respect to ω:
sym(ω) = {A ∈ gl(V ) | ω(Ax, y) = (−1)p(A)p(x)ω(x,Ay)}.
It is clear that, as a linear space, gl(V ) = aut(ω)⊕ sym(ω).
Set
saut(ω) = aut(ω) ∩ sl(V ), ssym(ω) = sym(ω) ∩ sl(V ).
Note that if p(ω) = 0¯, then aut(ω) = saut(ω), and if p(ω) = 1¯, then sym(ω) = ssym(ω).
If ω is even, it determines a canonical isomorphism V ∼= V ∗. In this case,
g = aut(ω) =
{
osp(V ) ∼= Λ2(V ) and sym(ω) = S2(V ) if ω is symmetric
ospsk(V ) ∼= S2(V ) and sym(ω) = Λ2(V ) if ω is skew.
In both cases the space sym(ω) contains a 1-dimensional subspace Cω corresponding to
scalar operators.
If, moreover, dimV0¯ 6= dimV1¯, then sym(ω) = Cω ⊕ ssym(ω), and the g-module ssym(ω)
is irreducible.
If dimV0¯ = dimV1¯, then Cω ⊂ ssym(ω) and dim(sym(ω)/ ssym(ω)) = 1 and ssym(ω)/Cω
is irreducible.
If ω is odd, a canonical isomorphism V ∗ ∼= Π(V ) implies V ⊗V ∗ ∼= V ⊗Π(V ) ∼= Π(V ⊗V ).
In this case,
g = aut(ω) =
{
pesy(V ) ∼= Π(Λ2(V )) ⊃ saut(ω) = spesy(V ) if ω is symmetric
pesk(V ) ∼= Π(S2(V )) ⊃ saut(ω) = spesk(V ) if ω is skew
and
sym(ω) = ssym(ω) =
{
Π(S2(V )) ⊃ Cω if ω is symmetric
Π(Λ2(V )) ⊃ Cω if ω is skew.
In both cases the space sym(ω)/Cω is an irreducible g-module if saut(ω) is simple, i.e., if
dimV = n|n and n > 2.
2.4.1. Lemma. 1) [sym(ω), sym(ω)] ⊂ aut(ω), but [sym(ω), sym(ω)] is not contained in
saut(ω) if p(ω) = 1¯.
2) Set {A,B} = AB + (−1)p(A)p(B)BA. Then
{aut(ω), aut(ω)}, {sym(ω), sym(ω)} ⊂ sym(ω);
{aut(ω), sym(ω)} ⊂ aut(ω);
aut(ω1 ⊗ ω2) = aut(ω1)⊗ sym(ω2) + sym(ω1)⊗ aut(ω2);
sym(ω1 ⊗ ω2) = aut(ω1)⊗ aut(ω2) + sym(ω1)⊗ sym(ω2).
(2.6)
If p(ω) = 0¯, then the subspace ssym(ω) is not closed with respect to {·, ·}.
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3) [A1 ⊗ B1, A2 ⊗ B2] = 12((−1)p(A2)p(B1)[A1, A2]⊗ {B1, B2}+
(−1)p(A2)(p(A1+p(B1)){A2, A1} ⊗ [B1, B2]).
(2.7)
Proof: direct calculations. 
2.5. Theorem. (Cf. Table 2) Let Lie superalgebras saut(ω1) and saut(ω2) be simple. Then
Lie subalgebra g = aut(ω1)⊕ aut(ω2) is maximal in aut(ω1 ⊗ ω2) if either p(ω1) + p(ω2) = 0¯
or if p(ωi) = 0¯, p(ωj) = 1¯ and dim(Vi)0¯ 6= dim(Vi)1¯ for (i, j) = (1, 2). If p(ωi) = 0¯, p(ωj) = 1¯
and dim(Vi)0¯ = dim(Vi)1¯, then g is maximal in saut(ω1 ⊗ ω2).
Proof. Formula (2.6) and the description of aut(ωi) and sym(ωi) as aut(ωi)-modules immedi-
ately imply that any subalgebra of h ⊂ aut(ω1 ⊗ ω2) containing g must also contain at least
one of the submodules saut(ω1)⊗ ssym(ω2) or ssym(ω1) ⊗ saut(ω2). But then, by (2.7) we
see that h must contain both of these modules, hence,
h ⊃ saut(ω1)⊗ sym(ω2) + sym(ω1)⊗ saut(ω2). (2.8)
If p(ωi) = 0¯ for i = 1, 2, then the rhs of (2.8) coincides with aut(ω1 ⊗ ω2). If p(ωi) = 1¯ for
i = 1, 2, then by bracketing the elements from distinct summands and taking into account
that {saut(ωi), sym(ωi)} = aut(ωi) we again obtain that h = aut(ω1 ⊗ ω2).
Finally, if p(ω2) = 0¯ and p(ω2) = 1¯, then the first summand in (2.8) coincides with
aut(ω1) ⊗ sym(ω2). By bracketing the elements from distinct summands we see that apart
from inclusion (2.8) there is an inclusion h ⊃ ssym(ω1)⊗ aut(ω2), i.e., h ⊃ saut(ω1 ⊗ ω2).
This completes the proof when dim(V1)0¯ = dim(V1)1¯. For dim(V1)0¯ 6= dim(V1)1¯ it suffices
to observe that g is not contained in sl(V ). 
3. Irreducible linear maximal subalgebras of non-Dynkin’s form
3.1. Theorem. If m = 2n, where n ≥ 2, n 6= 3, then g = hei(0|m)⊂+ o(m) is a maximal
subalgebra in sl(Λ(n)).
If n = 3, then g ⊂ as ⊂ sl(Λ(3)), and as is maximal in sl(Λ(3)).
If m = 2n− 1, n > 1, then g is a maximal subalgebra in sq(Λ(n)).
Proof. Let hei = hei(0|m). Consider the image of the universal enveloping algebra U(hei) in
the irreducible representation from sec. 1.6. Due to irreducibility this image, considered as
a Lie superalgebra, coincides with gl(Λ(n)) for m = 2n and with q(Λ(n)) for m = 2n− 1.
Consider U(hei)L as a filtered Lie superalgebra with respect to the filtration induced by
the natural filtration of the enveloping algebra, and consider the associated graded one,
gr(U(hei)L). As is known ([LSh]), gr(U(hei)L) is isomorphic to the Poisson superalgebra
with its standard grading described in sec. 1.8, po(0|m) = ⊕m−2i=−2poi. The graded image
gr(g) of the Lie superalgebra g coincides with the non-positive part of po:
gr(g) = ⊕0−2≤i≤0poi.
Since po(0|m) is transitive, po1 is (for m 6= 6) an irreducible o(m) ∼= po0-module and
generates
m−3⊕
i=1
poi, the positive part of the special Poisson subalgebra, spo(0|m), we see that
gr(g) is maximal in spo(0|m) for m 6= 6.
To complete the proof, it suffices to observe that spo(0|2n) = gr(sl(Λ(n))) and g ⊂
sl(Λ(n)), whereas spo(0|2n− 1) = gr(sq(Λ(n))) and g ⊂ sq(Λ(n)). 
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3.2. V = V1 ⊗ Λ(n). Let dimV1 = (m1, n1), n = gl(V1) ⊗ Λ(n) and g the semidirect
sum of the ideal n and the subalgebra vect(0|n) with the natural action on the ideal. The
Lie superalgebra g has a natural faithful representation ρ in V = V1 ⊗ Λ(n) defined by the
formulas for any A⊗ ϕ ∈ n, D ∈ vect(0|n), and v ⊗ ψ ∈ V we have
ρ(A⊗ ϕ)(v ⊗ ψ) = (−1)p(ϕ)p(v)Av ⊗ ϕψ,
ρ(D)(v ⊗ ψ) = (−1)p(D)p(v)v ⊗D(ψ).
In the sequel, we will always identify elements of g with their images under ρ. Therefore,
we will consider g embedded in gl(V ) which coincides, as a linear space, with End(V ) ∼=
End(V1)⊗ End(Λ(n)).
3.3. Theorem. 1) The Lie superalgebra g = gl(V1) ⊗ Λ(n)⊂+ vect(0|n) is a maximal Lie
subsuperalgebra of sl(V ), where V = V1 ⊗ Λ(n), in all cases except
a) dim V1 = 1 + ε or
b) n = 1 and dimV1 = m1 + n1ε with m1 6= n1.
2) If n = 1 and dimV1 = m1 + n1ε, where m1 6= n1 and m1 + n1 > 1, then g is maximal
Lie subsuperalgebra of gl(V ). In this case the Lie superalgebra sg := gl(V1)⊗Λ(1)⊂+ Span(∂)
is maximal in sl(V ).
Let us first prove a particular case of Theorem.
3.3.1. Lemma. If n > 1, then g = Λ(n)⊂+ vect(0|n) is maximal in sl(Λ(n)).
Proof. We will make use of the arguments used in the proof of Theorem 3.1. Observe that
g contains a G-type irreducible subalgebra hei = hei(0|2n) = Span(1, ξ, ∂). This means that
the image of U(hei) in End(Λ(n)) coincides with End(Λ(n)), and the graded Lie superalgebra
associated with U(hei)L, is isomorphic to po(0|2n). Clearly, subalgebra sl(Λ(n)) corresponds
to spo(0|2n).
Let us realize the elements of po(0|2n) by means of generating functions in ξ, η:
ξi ←→ ξi, ∂i ←→ ηi.
The image gr(g) = ⊕
i≥−2
gi of g in po(0|2n) is the linear space of functions of degree ≤ 1 in
η’s. In particular, g0 consists of the elements of po(0|2n)0 ∼= o(2n) that preserve the space
Span(ξ1, . . . , ξn). By Dynkin’s theorem g0 is a maximal subalgebra in o(2n).
On the other hand, it is clear that
gi = {X ∈ gi−1 | [X, g−1] ⊂ gi−1} for all i ≥ 1,
i.e., g is a maximal subalgebra in po(0|2n) with a given non-positive part. Therefore, any
subalgebra h ⊂ po(0|2n) containing g must contain the whole of po0. Since for n 6= 3 the
o(2n)-action in po1 is irreducible, h must contain the whole component po1, hence, the whole
of spo.
If n = 3, then g1 does not lie in any of the irreducible o(6)-submodules of po1. Therefore,
again, h ⊃ spo.
In both cases we see that g is maximal in sl(Λ(n)). 
3.4. Proof of Theorem 3.2.1. Let dimV1 6= 1 or ε or 1 + ε and let h ⊂ gl(V ) be a
subalgebra containing g. Clearly, to prove both headings of Theorem, it suffices to show
that h ⊃ sl(V ).
Observe that g contains two subalgebras, g1 = gl(V1) ⊗ 1 and g2 = 1 ⊗ Λ(n)⊂+ vect(0|n).
Since End(V1) only contains two nontrivial gl(V1)-submodules, C · id and sl(V1), we deduce
that h must contain a subspace of one of the two types: either 1 ⊗W or sl(V1) ⊗W for a
g2-invariant subspace W ⊂ gl(Λ(n)).
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In the first case, by Lemma 3.2.2, h ⊃ 1⊗sl(Λ(n)) and, by Theorem 2.1, h ⊃ sl(V1⊗Λ(n)).
In the second case, let us realize the elements of gl(Λ(n)) by differential operators acting
on Λ(n). It is clear that by bracketing with ξi and ∂i we can reduce any differential operator
to the form ∂j , i.e., W ⊃ ∂1, . . . , ∂n. Applying formula (2.1) to elements of the form A⊗ ∂j
and B⊗D, where D ∈ Λ(∂) is a differential operator with constant coefficients, we see that
W ⊃ Λ(∂). Therefore, by g2-invariance, W ⊃ sl(Λ(n)) and, therefore, h ⊃ sl(V1⊗Λ(n)). 
3.5. Theorem. The Lie superalgebra g = q(V1) ⊗ Λ(n)⊂+ vect(0|n) is a maximal Lie sub-
superalgebra of sq(V ), where V = V1 ⊗ Λ(n).
Proof is similar to that of Theorem 3.2.1. 
3.6. Lie superalgebras preserving a non-degenerate bilinear form. We use notations
from sec. 1.4 and 1.7. Observe that for n ≤ 2 we have isomorphisms:
T 1/2(vect(0|1)) ∼= pe(1); T 1/2(vect(0|2)) ∼= osp(2|2).
3.6.1. Lemma. For n > 2 the Lie superalgebra g = T 1/2(vect(0|n)) is maximal in saut(ω1/2).
Proof. Let us realize the space gl(Λ(ξ)) by differential operators. Observe that any function
ϕ ∈ Λ(ξ) is an element from the space sym(ω1/2), and any differential operator with constant
coefficients D ∈ Λk(∂) belongs to aut(ω1/2) for k odd and to sym(ω1/2) for k even. Since
{A,B} = 2AB − (−1)p(A)p(B)[A,B], it follows that
aut(ω1/2) = Span(ϕ,D | ϕ ∈ Λ(ξ), D ∈ ⊕
k
Λ2k+1(∂));
sym(ω1/2) = Span(ϕ,D | ϕ ∈ Λ(ξ), D ∈ ⊕
k
Λ2k(∂)).
Set Vl = ⊕
k≤l, k≡l (mod 2)
{Λ(ξ), Λk(∂)}. Clearly, each Vl is g-invariant, and as follows from
[BL], the g-action in Vl/Vl−2 is irreducible for l 6= 0, n (we assume that V−2 = V−1 = 0).
The explicit formula for the bracket of A = {ξ1ξ2, ∂1} ∈ g and B = {ξ1ξ2, ∂1∂2∂i3 . . . ∂ik} ∈
Vk is
[A,B] = −ξ2∂i3 . . . ∂ik ∈ Vk−2;
it shows that the representation of g in Vk is not completely reducible and the minimal g-
invariant subspace W such that g ⊂ W ⊂ aut(ω1/2) is V3 for n > 3 and saut(ω1/2) ∼= spe(4)
for n = 3.
Finally, the formula
[∂1∂2∂3, ξ1∂i1∂i2 . . . ∂ik ] = ∂2∂3∂i1 . . . ∂ik ∈ Vk+2
shows that V3 generates the whole Lie superalgebra saut(ω1/2). 
A corollary from the proof of Lemma 3.4.1 is the following statement: the minimal g-
invariant subspace W such that Λ(n) ⊂W ⊂ sym(ω1/2) is W = V2.
3.7. Theorem (Cf. Table 3). Let ω1 be a non-degenerate supersymmetric or skew bilinear
form in V1 of dimension N1 = m1 + n1ε, where N1 6= 1, 2 and n1 is even if p(ω1) = 0¯, and
where m1 = n1 > 2 if p(ω1) = 1¯.
Then g = aut(ω1) ⊗ Λ(n)⊂+ T 1/2(vect(0|n)) is a maximal subalgebra in saut(ω1 ⊗ ω1/2)
except for the case when n = 1, p(ω1) = 0¯ and m1 6= n1; in this case g is maximal in
aut(ω1 ⊗ ω1/2).
Lemma 3.4.1 and its Corollary make it possible, essentially, to combine proofs of Theorem
3.2.1 and 2.4.2.
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4. Proof of Main Theorem
4.1. Superization of a Proposition by Dixmier. In this section g is an irreducible linear
Lie superalgebra, ρ its standard representation in a finite dimensional superspace V (in
particular ρ is faithful). Let i be an ideal of g. We will assume that dimV > 1 (because
the case dimV = 1 is trivial). Our proof of Main Theorem is largely based on the following
constructions and statements (Theorems 4.1.1 and 4.1.2), a superization of statements well-
known to the reader from Dixmier’s book [Di] (Proposition 5.5.1).
Let τ be an irreducible subrepresentation of the restriction ρ|i in the subspace U ⊂ V and
let V1 ⊂ V be the sum of all i-submodules of ρ|i, isomorphic to either τ or Π(τ).
The stabilizer st(τ) of τ is the set of Y ∈ g such that there exists an A ∈ End(U) for
which τ([Y,X ]) = [A, τ(X)] for any X ∈ i.
4.1.1. Theorem. 1) h = st(τ) ⊃ g0¯;
2) V1 is h-invariant;
3)If h 6= g, then ρ ≡ Indgh σ, where σ is a representation of h in V1.
4.1.2. Theorem. Let g be an irreducible linear Lie superalgebra, ρ its standard represen-
tation (in particular, ρ is faithful). Let i be a nontrivial ideal of g. Then 3 cases are possible:
A) ρ|i is irreducible;
B) ρ|i is a multiple of an irreducible i-module τ and the multiplicity of τ is > 1;
C) there exists a proper subalgebra h ⊂ g such that i ⊂ h and ρ ≡ indgh σ for an irreducible
h-module σ.
Proof largely follows the lines of [Di] with one novel case: irreducible modules of Q-type
might occur. Fortunately, their treatment is rather straightforward and I would rather save
paper by omitting the verification.
We will say that the representation ρ is of type A, B, or C with respect to the ideal i if the
corresponding case holds. Lemmas 4.5, 4.2 and 4.4 deal with types A, B and C, respectively.
4.2. Lemma. B) 1) If ρ is of type B with respect to the ideal i, then either g ⊂ gl(V1)
⊙
gl(V2)
or g ⊂ q(V1)
⊙
q(V2) for some V1 and V2.
2) If, moreover, g ⊂ q(V ), then g ⊂ q(V1)
⊙
gl(V2) for some V1, V2;
3) If ω is a non-degenerate 2-form on V and g ⊂ aut(ω), then g ⊂ aut(ω1)
⊙
aut(ω2),
where ω = ω1 ⊗ ω2
Proof of Lemma 4.2 follows, except statements involving q, the standard scheme of the
proof of a similar statement for Lie algebras, and the exception is also easy to consider, so I
skip it.
4.3. Remark. If ρ is of type B with respect to the (nontrivial) ideal i and dim τ = 1 or ε
then due to the faithfulness of ρ the ideal i should be a 1-dimensional center of g.
4.4. Lemma. C) 1) If ρ is of type C with respect to the ideal i, then g ⊂ gl(V1) ⊗
Λ(n)⊂+ vect(0|n) for some V1 and n and V = V1 ⊗ Λ(n).
2) If, moreover, g ⊂ q(n), then g ⊂ q(V1)⊗ Λ(n)⊂+ vect(0|n)
3) If ρ is of type C with respect to the ideal i and g ⊂ aut(ω) for a non-degenerate form ω,
then g ⊂ aut(ω1)⊗ Λ(n)⊂+ T 1/2(vect(0|n)), where ω = ω1 ⊗ ω1/2 and the representation T 1/2
of vect(0|n) in the superspace √Vol of half-densities is defined in sec. 1.7.
Proof. By definition of type C, ρ = indgh σ. Let
h1 = {X ∈ Ker σ | [X, g] ⊂ h}.
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Clearly, h1 is a subalgebra in g and ideal in h. For each integer i > 1 define inductively a
subalgebra
hi = {X ∈ hi−1 | [X, g] ⊂ hi−1}.
We obtain a decreasing filtration in g:
h−1 = g ⊃ h0 = h ⊃ h1 ⊃ . . .
Since dim g < ∞, the filtration stabilizes, i.e., hk = hk+1 = . . . for some k. This means
that hk is an ideal in g lying in the kernel of σ. But then hk ⊂ Ker ρ and, therefore, hk = 0
because ρ is faithful.
Consider the associated graded Lie superalgebra
gr(g) =
k−1⊕
i=−1
gi, where gi = hi/hi+1.
Observe that we have two homomorphisms of h:
σ : h −→ gl(V1) and adg/h : h −→ gl(g/h),
and h1 = Ker σ ∩ Ker(adg/h). Set W = g/h, and let dimW = 0|n. We have obtained an
embedding
g0 ⊂ gl(V1)⊕ gl(W ) ∼= gl(V1)⊕W ∗ ⊗W,
which for every i > 0 induces an embedding
gi ⊂ gl(V1)⊗ Λi(W ∗)⊕ Λi+1(W ∗)⊗W,
which add up to an embedding of the whole g:
gr(g) ⊂ gl(V1)⊗ Λ(W ∗)⊂+ vect(W ∗).
It remains to observe that since vect(W ∗) contains a grading operator, the embedding
exists not only for gr(g), but for g itself. Under the embedding the space V is identified with
V1 ⊗ Λ(W ) ∼= V1 ⊗ Λ(W ∗)∗. As we observed in sec. 1.7, the space Λ(W ∗)∗, as a vect(W ∗)-
module is isomorphic Πn(T 1). Since we are interested not in the representation itself but
only in the image of g in gl(V ), we can replace for convenience V1⊗Λ(W ) with V˜1⊗Λ(W ∗)
for some V˜1. This completes the proof of the first heading of Lemma.
To prove the second heading, observe that if g ⊂ q(V ) = C(J), then subspace V1 is
J-invariant and, therefore, σ(h) ⊂ q(V1) = C(J |V1).
Finally, if g preserves a non-degenerate bilinear form ω in V , consider its restriction ω˜ on
V1. Since σ is irreducible, ω˜ is either non-degenerate or vanishes identically. Denote by V
⊥
1
the subspace orthogonal to V1 with respect to ω. Clearly, V
⊥
1 is h-invariant.
If ω˜ is non-degenerate, then V = V1⊕V ⊥1 . This means that g ⊂ aut(ω˜)⊗1⊕1⊗vect(0|n).
Therefore, the g-action in V is reducible; contradiction.
If ω˜ ≡ 0, then by g-invariance of ω, the space V ⊥1 must contain the image of V under
ρ(Ker σ). Hence, the h-module V/V ⊥1
∼= V ∗1 should be of the form V1⊗Λn(W ). This implies
that ω = ω1 ⊗ ω1/2 for some ω1 and g ⊂ aut(ω1)⊗ Λ(n)⊂+ T 1/2(vect(0|n)). 
To complete the proof of Main Theorem, it suffices to consider the case when ρ possesses
the following property: for any ideal i ⊂ g either ρ is of type A with respect to i or ρ|i
is the multiple of a character. Due to Remark 4.3 the second possibility means that i is
a 1-dimensional center of g. In particular, any nontrivial commutative ideal of g coincides
with its 1-dimensional center.
Let r be the radical of the linear Lie superalgebras g. We see that either dim r ≤ 1 or r is
not commutative.
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In the case when r is not commutative, consider the derived series of r:
r ⊃ r1 ⊃ · · · ⊃ rk ⊃ rk+1 = 0, where ri+1 = [ri, ri].
Clearly, each ri is an ideal in g and the last ideal, rk is commutative. Hence, dim rk = 1 and
rk is the center of g.
4.5. Lemma. A) 1) If ρ is of type A with respect to rk−1 and ρ|rk is scalar, then either
rk−1 ∼= hei(0|2n) or rk−1 ∼= hei(0|2n−1) and V ∼= Λ(n) or Π(Λ(n)) and g ⊂ hei(0|2n)⊂+ o(2n).
2) If additionally g ⊂ q(V ), then rk−1 ∼= hei(0|2n− 1) and g ⊂ hei(0|2n− 1)⊂+ o(2n− 1).
3) Under assumptions of heading 1) g does not preserve any non-degenerate bilinear form
on V .
Proof. We will prove headings 1 and 2 simultaneously.
1) Since rk is the center of g and dim rk = 1 we have rk−1 = hei(0|m) for some m;
2) ρ|rk−1 is irreducible and faithful, so it can be realized in the superspace of functions,
Λ(n), or in Π(Λ(n)), where n = [m+1
2
]; observe that ρ|rk−1 is irreducible of G-type for m = 2n
and it is irreducible of Q-type for m = 2n− 1, see sec. 1.6;
3) g is contained in the normalizer of hei(0|m) in gl(Λ(n)), i.e., g ⊂ hei(0|m)⊂+ o(m). 
4.6. Lemma. Let dim r ≤ 1, i.e., g is either semi-simple or a nontrivial central extension
of a semi-simple Lie superalgebra but NOT an almost simple or a central extension of an
almost simple Lie superalgebra. Then we can always choose an ideal i 6= r such that ρ is of
type B or C with respect to i.
4.7. Proof of Lemma 4.6 for semi-simple Lie superalgebras. By definition g is semi-
simple if its radical is zero. By analogy with description of semi-simple Lie algebras over fields
of prime characteristic, V. Kac [K] described semi-simple finite dimensional Lie superalgebras
as follows. Let s1, ... , sk be simple Lie superalgebras, let n1, ... , nk be nonnegative
integers, Λ(nj) be the supercommutative Grassmann superalgebra, and s = ⊕sj ⊗ Λ(nj).
Then ders = ⊕ ((dersj)⊗ Λ(nj)⊂+ 1⊗ vect(nj)). Let g be a subalgebra of ders containing s.
1) If the projection of g on 1⊗ vect(nj)−1 coincides with vect(nj)−1 for each j = 1, . . . , k,
then g is semi-simple.
2) All semi-simple Lie superalgebras arise in the manner indicated.
Let dim r = 0, i.e., g is semi-simple. Since g is not almost simple, then, due to Kac’s
description, the alternative arises: either g contains an ideal i of the form
i = s⊗ Λ(n) with simple s and n > 0 (4.1)
or g = ⊕
j≤k
sj , where each sj is almost simple and k > 1.
4.7.1. Lemma. If g = ⊕
j≤k
sj and k ≥ 2, then any irreducible faithful representation of g is
of type B with respect to any its ideal sj.
Proof. Since the stabilizer of any irreducible representation of sj is the whole g, the type of
any irreducible representation of g with respect to sj can be either A or B. Due to faithfulness
case A is ruled out. 
4.7.2. Lemma. Let s be a simple Lie superalgebra and i = s⊗Λ(n), n > 0. Then i has no
faithful irreducible finite dimensional representations.
For proof see sec. 4.7.4.
4.7.2a. Corollary. If g contains an ideal i of the form (4.1), then g can not have any
faithful irreducible finite dimensional representation of type A with respect to the ideal i.
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4.7.2b. Corollary. Lemmas 4.7.1, 4.7.2 and Corollary 4.7.2.1 prove Lemma 4.6 for semi-
simple Lie superalgebras.
Recall the following well-known and simple statement.
4.7.3. Lemma. If s is a simple Lie superalgebra, then
[s1¯, s1¯] = s0¯ and [s0¯, s1¯] = s1¯ .
4.8. Proof of Lemma 4.7.2. For n > 0 the Lie superalgebra i contains supercommutative
ideal
n = s⊗ ξ1 . . . ξn.
Let us show that n is contained in the kernel of any irreducible representation ρ of i. Consider
a nilpotent ideal
m = s⊗ ⊕
i≥1
Λi(ξ) ⊂ i.
As follows from [K], [Ser1], any irreducible finite dimensional representation of m is given by
a character λ ∈ m∗ that vanishes on [m0¯,m0¯]⊕m1¯.
For n = 2k we have
[m0¯,m0¯] ⊃ [s1¯ ⊗ Λ1(ξ), s1¯ ⊗ Λ2k−1(ξ)] = [s1¯, s1¯]⊗ Λ2k(ξ) = n0¯
and m1¯ ⊃ s1¯ ⊗ Λ2k(ξ) = n1¯. For n = 2k + 1 > 1 we have
[m0¯,m0¯] ⊃ [s1¯ ⊗ Λ1(ξ), s0¯ ⊗ Λ2k(ξ)] = [s1¯, s0¯]⊗ Λ2k+1(ξ) = n0¯
and m1¯ ⊃ s0¯ ⊗ Λ2k+1(ξ) = n1¯. Thus, n is contained in the kernel of any irreducible finite
dimensional representation of the ideal m, hence, in the kernel of any irreducible finite
dimensional representation of i.
If n = 1 and τ is an arbitrary irreducible subrepresentation of ρ|n, then dim τ = 1 or ε
because n is supercommutative. Hence, τ |n1¯ = 0. Heading 1) of Theorem 4.1.1 implies, that
the restriction of τ onto [g0¯ ⊗ 1, n] ⊃ [s0¯, s1¯]⊗ ξ = s1¯ ⊗ ξ = n0¯ must vanish. Thus, τ |n = 0
and by heading 3) of Theorem 4.1.1, n ⊂ ker ρ.
Lemma 4.7.2 is proved. 
4.9. Proof of Lemma 4.6 for central extensions of semi-simple Lie superalgebras.
In this section we assume that dim r = 1, hence (see Remark 4.3), r is the center of g, and
g˜ = g/r is semi-simple.
First, consider the case when g˜ = ⊕
i≤k
si, where the si are almost simple and k > 1. Let
pi : g −→ g˜ be the natural projection. The Lie superalgebra pi−1(s1) = i is an ideal in g and
dim i > 1.
4.9.1. Lemma. If k > 1, then ρ can not be irreducible of type A with respect to i.
Proof. Assume the contrary, let ρ|i be irreducible. Set g+ = ⊕
i>1
(si)0¯ and g+ is a Lie algebra.
Then [s1, g+] = 0. Since ρ(r) acts by scalar operators and ρ is a finite dimensional represen-
tation, it follows that [pi−1(g+), i] = 0. Since ρ|i is irreducible by the hypothesis, this means
that ρ(pi−1(g+)) = C · 1 and, since ρ is faithful, this implies g+ = 0. 
4.10. g˜ contains an ideal i of the form (4.1). The central extension is defined by a
cocycle c : g˜× g˜ −→ C. The cocycle condition is
c(f, [g, h]) = c([f, g], h) + (−1)p(f)p(g)c(g, [f, h]) for anyf, g, h ∈ g˜. (4.2)
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As earlier, we assume that g has a faithful finite dimensional representation; so the restriction
of c to g˜0¯ × g˜0¯ is trivial. Besides, c|g˜0¯×g˜1¯ = 0 by parity considerations. Therefore, nonzero
values of the cocycle c are only possible on g˜1¯ × g˜1¯.
4.10.1. Lemma. Let, as above, n = s⊗ Λn(ξ). Then c|n×g˜ = 0.
Proof. First, let us prove that c|n1¯×n1¯ = 0. If n = 2k + 1, it suffices to check condition (4.2)
for the triple f = f0¯ ⊗ ξ1 · · · · · ξn, g = g1¯ ⊗ ξ1 · · · · · ξn and h = h1¯ ⊗ 1, where f0¯ ∈ s0¯ and
g1¯, h1¯ ∈ s1¯. With Lemma 4.7.3, the left hand side of (4.2) gives us the values of c on an
arbitrary pair of elements from n1¯, whereas the right hand side vanishes because [f, g] = 0
and c(g, [f, h]) = 0 since p(g) = 0¯.
If n = 2k, similar arguments are applicable to the triple f = f1¯⊗ξ1·· · ··ξn, g = g0¯⊗ξ1·· · ··ξn
and h = h1¯ ⊗ 1, where f1¯, h1¯ ∈ s1¯ and g0¯,∈ s0¯.
Now set Lk = s ⊗ Λk(ξ1, . . . , ξn) and let us verify that c|n×Lk = 0. We will perform the
inverse induction on k. For k = n we have already verified the fact.
Let the statement be true for all k > k0. Let us show that it is true for k = k0 as well.
Observe that due to description of semi-simple Lie superalgebras, g˜ contains n elements ηi
such that ad ηi|s⊗Λ(n) = ∂ξi + Di + Xi ⊗ αi, where Di ∈ vect(0|n) and Di(0) = 0, Xi ∈
ders, αi ∈ Λ(ξ). Let ϕ ∈ Λk0+1(ξ1, . . . , ξn), ψ ∈ Λn(ξ1, . . . , ξn); g, h ∈ s and p(g ⊗ ϕ) = 0¯;
p(h⊗ ψ) = 1¯.
Then we have
c([ηi, g ⊗ ϕ], h⊗ ψ) = (−1)p(g)
(
c(g ⊗ ∂ϕ
∂ξi
, h⊗ ψ) + c(g ⊗Diϕ, h⊗ ψ)
)
+
(−1)p(g)p(αi)c([[Xi, g]⊗ αiϕ, h⊗ ψ).
As Diϕ, αiϕ ∈ ⊕
l≥k0+1
Λl(ξ), the last two summands vanish by the inductive hypothesis.
On the other hand, due to (4.2) we have
c([ηi, g ⊗ ϕ], h⊗ ψ) = c(ηi, [g ⊗ ϕ, h⊗ ψ]) + c([ηi, h⊗ ψ], g ⊗ ϕ).
As deg ϕ + degψ = k0 + 1 + n > n, the bracket in the first summand above vanishes. The
second summand vanishes by parity considerations. So c(g ⊗ ∂ϕ
∂ξi
, h ⊗ ψ) = 0, for arbitrary
g ⊗ ∂ϕ
∂ξi
∈ Lk0
1¯
and h⊗ ψ ∈ Ln1¯ = n1¯. 
4.10.2. Lemma. i has no faithful irreducible finite dimensional representations.
Proof. Word-for-word proof of Lemma 4.7.2 with the help of Lemma 4.8.2. 
4.11. Corollary. ρ can not be of type A with respect to the ideal i.
4.12. Summing up. Lemmas 4.2 (Lemma B), 4.4 (Lemma C), 4.5 (Lemma A), sec. 4.4
and Lemma 4.6 put together prove Main Theorem. 
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